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zx8zn_op*_tl¬¢h Ô  ÖA­d® _$¥zxj}ljmL_¬¡¬1qTsklwjmln_M¨ih£j}l_znqkp*_oks]z_5lnq sjm_)ln[]uvj^5_ln[]qkkqr¬¢qrTh¦ []u¡px[pqTs]¬v§¨L_sjn_M§wrjwln_^5]¬vwl_¤ÓqTz¤Óskls]zn_
s]znLqrjn_Mj ­ Z[]_Mt _$_*Òk_^5]¬¡u¢¤Óh8ln[]uvjO^5_ln[]qkkqr¬¢qrTh uªl[Uln[]_zn_oksp*lnu¡qTtU¤Óqrz°Ñ¸,°Å d ]znqr¨]¬¡_^j ­bszzn_oksplu¢qrt7uvjzqT¨]s!j}l;u¡tln[]_$jn_tjn_dln[wlO^wtihjnu¢^5u¡¬¡wTz]zqT¨]¬¡_^jpwTt8¨!_$jn[]q t7lnq¨L_ ®Ô¢ÕÖ¢×[!wzx u¢ln[`|}sjml;^5u¢t]qrz^5qi]uª¥!pMwlu¢qrtj ­~;¤´ln_z5jn[]q u¢t¦°Ñ¸¿°?Å
d
lq¯¨L_ ®Ô¡Õ*Ö¡× [wTz¦u¡tT_Mt]_zxw¬åTzxw][j Ì  _¤Óqipsj$qrtTzxw[£p¬¡wrjnjn_Mj [_z_l[]_]zqT¨]¬¡_^Ýpwt8¨L_$jm[q tlq`¨L_ Ë yåZ ­  tl[]_$jm_op*qrt!wznlqT¤l[]_wT!_Mz _$jn[]q  l[wl°É¸¿°Å
d
]zqT¨]¬¡_^j;wTzn_¥]Òk_oUwzxw^5_ln_zlzwrplxw¨]¬¡_$qTtwT¬¢¬Tzxw][!j_*Ò]p*¬¡sku¡t]w5¥Òi_o8^5u¢t]qrz
M Ì [u¡px[Uu¡tUwznlnuvp*s¬¡wTz^`_owtjln[wlOln[_Mjn_]znqr¨]¬¡_^j;wz_ Ë yåZ:qTt8]¬vwt!wz;rzwT][jwt!8Tzxw][j u¢ln[¨LqTstk_M7T_Mtisj ­ bs]zwT¬¢rqTzuªl[]^js!jm_khitwT^`uvpd]zqTTzxw^5^5u¡t]q r_zTzxw][j u¢ln[¨!qrs]tk_o7lnz__ × uvil[ wt!w)¤Ó_M k_M_z_Mjns]¬¢ljdp*qTt!p*_zt]u¡t])l[]_5p*¬¡u#$s]_`k_MpqT^5!qjmu¢lnu¡qTt¯q¤




¨!_)wTzxw[ ­® _sjn_ V (G) wTt E(G) lnqUk_Mt]ql_l[]_ T_Mzmlu¡p_Mjwt!¯l[]__M]T_MjdqT¤ Gz_MjnL_Mplur_¬¡h ­® _jmu¡^5]¬¡h zu¢ln_ V wTt E u¢¤Hln[]_Tzxw][8uvjOp*¬¡_MwTz¤ÓzqT^Ýln[]_`p*qTtl_*Òil ­Ë qrz V ′ ⊆ V _k_¥t]_wt 4 6  ,657122(&
G[V ′] = (V ′, E′) Ì  []_z_ E′ = {uv ∈ E : u, v ∈ V ′} ­  _*l





N(v) ∪ {v} ­  t¦l[]_)jnwT^5_` wWhU _)k_*¥t_ N [S] ¤ÓqTz S ⊆ Vwrj
N [S] = ∪v∈SN [v]
wt!
N(S) = N [S] \ S ­® _k_¥t]_`ln[_ 1)q¤ r_znln_Ò v u¡t G wTjl[]_tis]^¨!_Mzq¤T_Mzmlu¡p_Mju¢t!p*uvk_tllnq
v
u¡t
G ­ &Ow^5_M¬¢h Ì d(v) = |{u ∈ V (G) : uv ∈ E(G)}| ­









 tln[]uvjjn_Mp*lnu¡qTt _$rur_w ®Ô¡Õ*Ö¡× [!wzxkt]_Mjjz_Mks!plnu¡qTt¤ÓqTz°É¸¿°Å d ­ D_¤ÓqTz_ Ì  _$¤Óqrzn^wT¬¢¬¡h]_*¥t]_!wzxw^5_*l_zu¢©M_M)z_M]splu¢qrtj 














'&(F ,4  1
& 
Φ










f, g : N → N
+7-










(x, k) ∈ Π
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z_Mks!plnu¡qTtu¡j¤ÓzqT^Ý°·»ÙÚ,² ÏÛ Â»ÙiÂ½ Û Ù²ÓÜ·µÇ Ì  []uvpx[uvj Bit]q tlnq`¨!_ ®Ô¡Õ*Ö¡× pqT^5]¬¡_*ln_ Ô¡Õ  Öñ¨ihdwjmu¡^5]¬¢_åzn_oksplu¢qrt¤ÓzqT^ ln[]_qTzxku¢t!wzh Û Ù²ÓÜ»·µÇ(!µwt!u¡j¨wTjn_Mqrtln[]_^5_*ln[qi]qT¬¡qTTh Bit]q t$wTj06  
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 4 ­ Z[]_°?·µÙÚ,² ÏÛ ÂÙÂ½ Û Ù²ÓÜ»·»Ç)]zqT¨¬¢_M^ u¡jOk_*¥t_MwTj¤ÓqT¬¡¬¡q ;j °·µÙ*Ú¿² Ï - ÂÙiÂ»½ Û Ù²ÓÜ»·»Ç C  t]skl  wrzwT][ G lnqTr_*l[]_zd uªl[¦w7]zqTL_z k × pqT¬¡qTzu¢t)q¤ln[]_T_Mzmlu¡p_Mjq¤
G ­ Z[]_znqr¨]¬¢_M^ uvjwzxw^5_ln_zu¡©_M¨ih k ­ s_Mjmlnu¡qTt   jl[]_z_$w k × p*¬¡u#$s]_u¡t Gp*qrtjmuvjmlnu¡t]5q¤1_*Ò]wTp*ln¬¡hqTt]_ r_znln_*Ò)qT¤_owTpx[p*qT¬¡qTz
aqrtjnu¡k_Mz{wt`u¢t!j}lxwtp_
G = (V, E)
qT¤µ°?·µÙÚ,² Ï.- Â»ÙiÂ½ Û Ùr²ÓÜ·µÇ uªl[uªlxj T_Mzmlu¡p_MjHpqT¬¡qTz_M$ u¢ln[5l[]_jn_*l;qT¤{p*qT¬¡qTzxj
{c1, · · · , ck} ­  _l V [ci] k_Mt]ql_ln[]_jn_*lq¤T_znlnuvp*_ojq¤Hp*qr¬¢qrz ci ­  _*l e = {u, v} ¨L_wTt8_Mkr_dqT¤
G
 u¢ln[
u ∈ V [ci]
wTt
v ∈ V [cj ] Ì wTt i < j ­å® _¥zxj}l;z_]¬vwTp__MwTpx[Ujnspx[_Mkr_ e ¨ihw × pu¢zxp*s]u¢l Ì l[wl;uvj _zn_M]¬vwTp*_ e ¨ihl} qwzxpj ef = (u, v) wt eb = (v, u) ­ Z[_$wzxp ef = (u, v)ñzn_ojm ­ eb = (v, u) !d u¢¬¡¬H¨!_pMw¬¡¬¢_o"#-@Añzn_ojm ­ 7@A! ­ Dh w¨]sjn_`q¤tqlwlnu¡qTt Ì  _5w¬vjmqpMw¬¡¬¿ln[]uvj;ku¡Tzxw[
G ­  _*l E[ci, cj ] ¨L_ln[_$jm_l;q¤wTzpMj e = (u, v) Ì  u¢ln[ u ∈ V [ci] wt! v ∈ V [cj ] Ì¤Óqrz
1 ≤ i 6= j ≤ k ­1® _w¬vjmq`wTjjms]^5_ln[wl |V [ci]| = N ¤ÓqTzwT¬¢¬ i Ì wt)ln[wl |E[ci, cj ]| = M ¤ÓqTzw¬¡¬
i 6= j Ì u ­ _ ­  _wTjjms]^5_l[wl;l[]_pqT¬¡qTz;p¬¡wrjnjn_MjqT¤ G Ì wTtUw¬vjmq5l[]_wTzpjn_*lxj;¨L_*l} __t8l[]_^ Ì [w T_st]uª¤Óqrzn^ jmu¡©_oj ­5Ë qrzw8jnu¢^5]¬¡_d|}sjmlnu¢¥!pwlnu¡qTt¦q¤ln[]uvjwTjjms^`]lnu¡qTt Ì  _5pwt¦z_Mksp_°·µÙÚ,² Ï.- ÂÙÂ½
Û Ù²ÓÜ·µÇ7lnqu¢ljn_¬¢¤ Ì lxwBiu¡t])ws]t]u¡qTtUqT¤ k! kuvjÓ|}qru¢tlpqT]u¡_MjqT¤ G Ì qrt]_¤ÓqTz;_owTpx[8L_z^sklxwlnu¡qTtUqT¤1ln[]_pqT¬¡qTzjn_*l ­ tl[]uvj^5_ln[]qkkqr¬¢qrTh Ì ln[]_d¨wrjmuvp_t!p*qkku¡t]$¨]zu¡pBkjp*qTzz_Mjn!qrt`lnqwTzpMj{qT¤ G  [u¡px[) _pMw¬¡¬  1 9 1
 ñu¢t£qrs]z$z_Mksp*lnu¡qTt Ì ln[]_ojm_)wTzn_5rzwT][jq¤z_Ts¬¡wTz]_Tz__ d − 1 Ì  []uvpx[£ _5z_]z_Mjn_tl¨ih
Cex
¤ÓqTz
x ∈ {f, b} Ì jn__fis]¨jn_Mp*lnu¡qTtj$ ­¡Õ wt!  ­ '! ­$® _`r_t]_MzwT¬¢¬¡h8[w T_ln[]z__0Biu¢t!]jdq¤åwTkr_*ljl[wl _pwT¬¢¬	»ß 8 ß  ñã Ì




V [cj ] ­  _*l V [ci]¨L_w)¥Òi_o pqT¬¡qTzp*¬vwTjj ­ Z[]_ 
 ãß  ß   ß+ ]ä, ß  ^wBr_Mjjns]zn_ln[!wlln[]_qrskl × Tqru¢t7wzxpjO¤ÓzqT^
V [ci] Ì p*qTzz_Mjn!qrtku¡t]lnqln[]_jn_¬¡_Mpl_M7wzxprwrkT_lj Ì [w r_wp*qT^5^5qTt T_znln_Òu¢t V [ci] ­ Z[wluvjwT¬¢¬l[]_wzxpjp*qrznz_MjnLqTtku¡t]lnqln[]_ojm_jn_¬¡_Mpl_MwzxpOwTkr_*lxj-$./01!243-56#%.781/390.:<;!$#=2*">?











(v, u) ­ Z[wluvjB8C5 ef 0) eb $#DE3F$ 4*24):2$&$G8!$# @  t [wl¤Óqr¬¢¬¡q ;j Ì  _jm[]q ?[]q £lnqwTk[_z_lq$l[]u¡jT_Mt]_zxw¬Lj}lzwln_MTh5wtqr¨klwTu¢t7wzn_oksp*lnu¡qTt¤ÓzqT^.°·»ÙÚ,² Ï.- Â»ÙiÂ»½ Û Ù²ÓÜ»·µÇ5lnq5°É¸¿°Å d ¤ÓqTz
d ≥ 3 ­ Z»qjmu¡^5]¬¢u¢¤ÓhUl[]_zn_ojm_Mtrlxwlu¢qrt Ì  _¥zjmlk_Mjp*zu¢¨L_qrs]zzn_oksp*lnu¡qTtu¡t k_lwTu¢¬vj¤ÓqTzdln[]_5pwrjm_
d = 3 ­ Z[]_z_$s]u¡z_M)^5qkku¢¥!pwlnu¡qTtj¤Óqrzln[]_$pMwTjn_ d ≥ 4 u¡jln[]_Mt_Òk]¬¡wTu¢t_M7u¢tfis]¨!jm_oplnu¡qTt ­  ­
HJIFK LAMONQPSRUTWVYX-Z/[(T]\^:_`Ta2X-ZbMOZ:NdceMf\ N:Z:R	[][+ghR	[]^:i2TkjXS\+Tl:RmVYMO[0R
d = 3
® _U[w r_ k(k − 1) p*¬¡sjmln_Mzj5qT¤dwTkr_*lj ­ bt]_Up*¬¡sjmln_z_owTpx[%¤ÓqTz5l[]_¯jn_*lq¤wzxpj E[ci, cj ] Ì ¤ÓqTz
1 ≤ i 6= j ≤ k ­ _M^`_M^¨L_zln[wlwTt¯wzxp a ∈ E[ci, cj ] u¡j¤Óqrzn wzxuª¤ i < j Ì wt¯u¡j¨wrpB wzxuª¤
i > j ­
nã  â ]Wä µß 8 ß T ñã+ ]ä, ß r¹ ¤
i < j  Ë qTz{_owTpx[wzxp ef = (u, v) ∈ E[ci, cj ]  _[w T_;wphip¬¢_
Cef
qT¤¬¡_t]Tln[











  4 $
  -,  efs1 Ì efs2 Ì wt! efs3 E
I  &(4  $ 
! 2-,  efch1r, efch2r Ì ¤ÓqTz;w¬¡¬ r ∈ {1, . . . , k} wTt r 6= i, j E]wTt
I 	
 & $ 
  -,  efm1 wt efm2 ­&Oq É _dwT]wt]_  r_znln_*Ò
Aci,cj Ì wTtp*qrt]t]_Mp*lu¢lålqw¬¡¬!ln[]_djm_M¬¢_oplnu¡qTt r_znlnuvp*_oj{q¤,l[]_phkp*¬¡_Mj Cef¤Óqrz»w¬¡¬





ef ∈ E[ci, cj ]
wTt
efs1 Ì efs2 wt! efs3 wz_`qTt Cef ­ Z[u¡jpqT^5]¬¡_*ln_ojdln[]_pqTtjmlnzsp*lnu¡qTtqT¤{ln[]_¤ÓqTz wzxjm_M¬¢_oplu¢qrtrwrkT_l¨L_*l} __t
ci
wt
cj Ì wt! _pwT¬¢¬1u¢l Si,j ­ _opwT¬¢¬l[wl
i < j ­
  ] â kä µß 8 ß T Eã  ]ä, ß r« ¤
i > j  Ë qTz_Mwrpx[¦wTzp eb = (u, v) ∈ E[ci, cj ]  _5[w r_`wphkp*¬¡_
Ceb
q¤1¬¢_Mt]l[
2 + 2(k − 2) + 3
 u¢ln[r_znln_*Òjm_l 
I ,- 
  4 $
  -,  ebs1 Ì ebs2 Ì wt! ebs3 E
I  &(4  $ 
! 2-,  ebch1r, ebch2r Ì ¤ÓqTz;w¬¡¬ r ∈ {1, . . . , k} wTt r 6= i, j E]wTt
I 	
 & $ 






eb ∈ E[ci, cj ] ­  t£qTln[]_Mz qrz]j Ì wrju¢t¦ln[_]zn_iu¢qrsjpwrjm_ Ì  _)wr]¦w¬¡¬Hln[]__okT_oj
{Aci,cj , e
b
s1}, {Aci,cj , e
b
s2} Ì wt {Aci,cj , ebs3}  []_Mzn_ e ∈ E[ci, cj ] Ì wTt ebs1 Ì ebs2 wt ebs3wTzn_qTt
Ceb ­ Z[]u¡jpqT^5]¬¡_*l_Mjln[]_pqTtjmlnzsplu¢qrtqT¤»ln[_d¨!wTpBi wTzjm_M¬¢_oplnu¡qTt7rwrkT_lwt! _dpMw¬¡¬,uªl
Si,j ­ _opw¬¡¬¿ln[!wl i > j wt!7jnq`ln[]_Mzn_uvjt]qp*qrtk¤Ósjnu¢qrt u¢ln[l[]_¬¡wrj}l;k_¥t]u¢lnu¡qTt ­

 ã` ß  ß   ß  ]ä, ß T Ë u¢ÒwTt i Ì 1 ≤ i ≤ k ­  _*l;sjpqTtjnuvk_z;wT¬¢¬¿l[]_$jm_M¬¢_oplu¢qrtwTkr_*lxjqT¤l[]_¤Óqrzn^
Si,p Ì p ∈ {1, · · · , k} wt p 6= i ­Ë qTzOwTtih u ∈ V [ci] Ì wt8wTthl} qu¡tkuvp*_oj 1 ≤ p 6= q ≤ k Ì
p 6= i Ì q 6= i  _wT)l} qt_  r_znlnuvp*_oj upq wt! uqp Ì wt!7w`t]_M _M]T_ {upq, uqp} ­HË qrz_r_zh)wzxp
e = (u, v) ∈ E[ci, cp] Ì  u¢ln[ u ∈ V [ci] Ì  _O]u¡pBln[_p*hkp¬¢_ Cex Ì x ∈ {f, b} k_L_t]u¢t]qTt []_ln[]_Mz
e
uvj)¤Óqrzn wzxÑqTz7¨wTpBi wzx Ì wt wr]Él} q_M]T_Mj7q¤l[]_¤Óqrzn^ {ech1q, upq} wTt {ech2q, upq} ­fku¢^5u¡¬¡wTzn¬¡h Ì ¤ÓqrzOwt8wzxp e = (u, w) ∈ E[ci, cq] Ì  uªl[ u ∈ V [ci] Ì  _]u¡pBln[]_$phkp*¬¡_ Cex Ì x ∈ {f, b} ÌwTtwT]7l} q_okT_oj
{ech1p, uqp}
wt
{ech2p, uqp} Ì jn__ Ë u¡Ts]z_ ÕT­







eb ­ &;q  Ì  _wT]l} qdt_  r_znlnuvp*_oj e∗ wTt e∗ Ì w0+
 2& 4 1 1
{e∗, e∗} Ì wt!w¬¡¬ål[]__Mkr_Mjq¤;l[]_¤Óqrzn^ {efm1, e∗} Ì {efm2, e∗} Ì {ebm1, e∗} wt {ebm2, e∗} [_z_
efm1 Ì efm2 wz_d^5wlpx[T_Mzmlu¡p_MjqTt Cef Ì wt ebm1 Ì ebm2 wz_^wlpx[ T_Mzmlu¡p_MjqTt Ceb ­Z[]uvj;pqT^5]¬¡_*ln_ojln[]_$pqTtjmlnzsplu¢qrtqT¤1wT¬¢¬¿l[]_rwT]T_*lxj Ì jn__ Ë u¢rs]z_ ÕT­H® _$pMw¬¡¬¿ln[]uvjTzxw][ GG ­&Oq  Ì  _$jn[]q Cl[]_$k_Mjnu¡zn_oz_Mks!plnu¡qTt7ln[znqrs]T[8w5jm_"$rs_tp_dqT¤1jnu¡^`¬¢_$p¬¡wTu¢^j ­
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k′ = (3k + 1)k(k − 1)
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e xC e xC_ ^
Ë u¡Tszn_ Õ  ç wrkT_lsjm_ou¡tln[]_z_M]splu¢qrt7qT¤l[]_]zqqT¤qT¤Z[]_MqTz_^ Õ
  ãµã ( _l
ω
¨L_w^s]¬¢lnu × p*qT¬¡qTzp*¬¡u#$s]_q¤»jnu¢©M_ k u¡t G ­ &;q Ñ¤Óqrz_T_zh`_Mkr_ e ∈ E(ω) Ì jn_¬¡_Mp*lål[]_pqTzzn_ojmLqTt!ku¢tp*hkp¬¢_oj










A ­  låuvj{jmlnzxwu¡T[lm¤Óqrzn wzxlqpx[]_MpBl[wl
GG[S]
u¡jw
3 × zn_MTs]¬vwzjns]¨]Tzxw[7qT¤ GG ­ 
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Cex ! x ∈ {b, f} !
-,!(4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  ãµã  Ë u¡zjmlqT¤Ow¬¡¬ Ì u¢¤jnspx[?w¯jns]¨]rzwT][qT¤ GG u¡trl_zxjm_oplxjw p*hkp*¬¡_ Cex l[]_t%uªl5^s!j}lp*qrtrlxwu¡twT¬¢¬q¤{u¢lj r_znlnuvp*_Mj ­ fi_MpqTtk¬¡h Ì u¢¤ _z_^5q T_$wT¬¢¬ln[_ T_Mzmlu¡p_Mjdp*qrznz_Mjn!qrtku¡t]5lnq_M]T_wTkr_*lxj;u¡t












CexpqTzzn_ojmLqTt!ku¢t$lnq)wTtwTzpdwTkr_*l Ì wTt[_tp_$p*qTtlxwu¡tj Cex ­ 
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45,03,657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wTt£ u¢ln[§^5u¢tu¢^s]^ k_rzn_M_)wl¬¡_Mwrj}ll[]zn_M_ ­&Oq  Ì ¨ih)a¬¡wTu¢^Æ Ì S ^sjmlpqTtlwTu¢t)wT¬¢¬ln[]_5r_znlnuvp*_oj{q¤µw$phkp*¬¡_Op*qrznz_Mjn!qrtku¡t]dlnq$qrt]_OwTzpwTkr_*l ­
Ë s]znln[]_Mz^5qrzn_ Ì tqlnuvp*_ln[!wlqTtp_ _d[w T_dw r_znln_*ÒqT¤w`p*hkp*¬¡_u¡t S Ì ln[]_MtwT¬¢¬Lln[_ r_znlnuvp*_ojåqT¤»ln[u¡jphkp*¬¡_wTtln[]_Mu¢z;t_u¡T[i¨!qrzj¨L_¬¡qTt]`lq
S
lq_tjns]z_l[]_$k_MTz__p*qTt!kuªlu¢qrt7u¡t
H ­H® u¢ln[]qrskl;¬¢qjnjqT¤r_t]_MzwT¬¢u¢l}h Ì ¬¡_*l Cef ¨!_åln[]uvjp*hkp*¬¡_ Ì wt!$jms]!qjm_{ln[wlu¢l¨L_¬¡qTt]jµlqln[]_rwrkT_l Si,j Ì u ­ _ e ∈ E[ci, cj ]wTt
i < j ­ &;qTlnuvp*_5ln[!wl Ì ¨ih¯p*qrtjmlnzsplu¢qrt Ì u¢l$¤ÓqTzxp*_ojjmqr^`_5qT¤l[]_ql[]_z r_znlnuvp*_MjdlqU¨!_M¬¢qrt]lnq



















! Ì  _pMwtU_owTjnu¢¬¡h7px[]_opBl[wl _pMwtjn_¬¡_Mp*lOqTt]¬¡hqTt]_$phip¬¢_wTkr_*l¤Óznqr^ _owTpx[$qT¤]ln[_wTkr_*lj
Sp,q ­  _*l E′ ¨L_ål[]_jm_lqT¤_Mkr_Mju¢t E(G) p*qrznz_MjnLqTtku¡t]lqdwTzpphkp*¬¡_MjrwrkT_ljjm_M¬¢_opln_ou¡t
S ­Ë u¡zjmlHq¤!wT¬¢¬ Ì ¨L_MpMwsjn_qT¤l[]_^5wlpx[+T_Mzmlu¡p_Mj Ì qTtp_ ef ∈ E′ u¢l1¤ÓqTzxp*_Mj






 jå[w T_;wpqT^5^5qTt T_Mzml_*Ò`u¢t
V [ci] ­ Zqjn__ln[u¡j Ì ¬¡_*lsjHlxwBr_l} qwzxpj
e = (u, v) ∈ (E[ci, cp]∩E
′)
wt!
e′ = (u′, w) ∈ (E[ci, cq]∩E
′) ­ &;q %ln[]_¤Óqrs]z r_znlnuvp*_Mj




S ­ ~;¬¡¬Lln[]_ojm_O¤ñwTp*ljålnqTr_*l[]_zu¢^5]¬¡h5ln[wl G[V (E′)] ¤ÓqTz^jw^s]¬¢lnu × pqT¬¡qTz_M k × p*¬¡u#$s]_u¢tl[]_qTzu¡Tu¡tw¬¿Tzxw[
G ­ 
a¬vwu¡^j Õ wtlnqTr_*l[]_zhiu¡_¬v 
  ßiã  ß  °É¸¿°Å
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 _z_ Ì  _T_t_zxw¬¡u¢©M_)ln[_7z_Mks!plnu¡qTt%Tu#T_Mtu¢tCfis]¨!jm_oplnu¡qTtÉU¤Óqrz d ≥ 4 ­ Z[_^wTu¢t%u¡k_ow¯uvjlnqpx[!wt]r_l[]_)zqT¬¡_q¤ln[_p*hkp*¬¡_Mj
Ce
¨ih£w




d ≥ 4 ­ _*lsj{lxwBr_
C
lnq¨L_w





eb ­Ë qrz_Mwrpx[wTzp ex ∈ E[ci, cj ] Ì  _wr]8wp*qTih)qT¤
C Ì l[wl; _pw¬¡¬ Cex Ì  u¢ln[r_znln_*Òjm_l 
 õRP1-S
Õ   J?4*	 ) 6
 ) ) 6 72&
I ,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 4 $
  -,  exs1 Ì exs2, · · · , exsd E
I  &(4  $ 
! 2-,  exch1r, · · · , exch(d−1)r Ì ¤ÓqTz;w¬¡¬ r ∈ {1, . . . , k} Ì r 6= i, j E]wt
I 	
 & $ 
  -,  exm1, · · · , exm(d−1) ­
»ß 8 ß  ñã7 ä ß M  ã 
d ≥ 4
 ®­ ¬ ­  ­ jns]]Lqrjn_l[wl x = f ­ ~Oj¨L_*¤Óqrzn_ Ì  _5wT¯wT_znln_Ò
Aci,cj Ì wt!§¤ÓqTz5w¬¡¬wzxp ef ∈ E[ci, cj ]  _wT]%w¬¡¬ål[]__Mkr_Mj¤Óznqr^ Aci,cj lq w¬¡¬ln[]_8jm_M¬¢_oplu¢qrtr_znlnuvp*_ojqT¤l[]_Tzxw[
Cef ­H® _$wwu¡t7pMw¬¡¬¿ln[]uvjrwrkT_l Si,j ­

 ã` ß  ß   ß+ ]ä, ß   ã  d ≥ 4  Ë u¢Ò wt i Ì 1 ≤ i ≤ k ­ &Oq ¬¡_*l$p*qrtjnu¡k_Mzw¬¡¬1ln[]_jn_¬¡_Mplu¢qrtwTkr_*lxjqT¤»l[]_¤ÓqTz^
Si,p Ì p ∈ {1, · · · , k} wt! p 6= i ­Ë qTzUwtih u ∈ V [ci] Ì wTt wtihÉl} q?u¡tkuvp*_oj p 6= q ≤ k Ì p, q 6= i Ì  _ wr]w%t]_M Ð_Mkr_
{upq, uqp} ­ÑË qTz5_r_zhwzxp e = (u, v) ∈ E[ci, cp] Ì  uªl[ u ∈ V [ci] Ì  _7u¡pB§l[]_UTzxw[ Cex Ì
x ∈ {f, b} Ì k_L_t!ku¢tUqTt¦[]q  e u¡j¤Óqrzn wzxqrz¨wTpBi wzx Ì wt£wr] d − 1 _okT_ojq¤ln[]_5¤Óqrzn^
{ech1q, upq}, {ech2q, upq}, . . . , {ech(d−1)q, upq} ­ fku¢^5u¡¬¡wTzn¬¡h¤Óqrzwt§_okT_ e = (u, w) ∈ E[ci, cq ] Ì u¢ln[
u ∈ V [ci] Ì  _£]uvpBCl[]_§Tzxw][ Cex Ì x ∈ {f, b} Ì wt! wr] d − 1 _Mkr_Mjq¤`ln[_ ¤Óqrzn^
{ech1p, uqp}, . . . , {ech(d−1)p, uqp} ­
7 kM   ]ä ß   ã 
d ≥ 4







eb ­ &Oq   _wr]Uw^wlxpx[]u¢t)_Mkr_ {e∗, e∗}wTt¦wT]¦w¬¡¬1ln[]__okT_ojq¤ln[]_5¤Óqrzn^
{efm1, e




{ebm1, e∗}, . . . , {e
b
m1, e∗} [_z_
efmi Ì ebmi wTzn_d^wlpx[ T_Mzmlu¡p_MjqT¤ Cef wt!qT¤ Ceb zn_ojmL_Mp*lnu#T_¬¡h ­Z[]uvjdp*qT^5]¬¡_*l_Mj;ln[]_`p*qTt!j}lznsp*lnu¡qTt ­  ldu¡jOt]ql T_zh[!wzxlnqjn__l[wlw]zqiq¤{jmu¡^5u¢¬vwz;lnq)l[wlqT¤;Z[]_qrzn_M^ Õ pqTs]¬v£¨!_Tu#T_t§¨ih£jm[q u¢t]8l[wl G Ì wTt§u¢t!j}lxwtp_)q¤^s¬ªlu × p*qr¬¢qrzp*¬¡u#$s]_ Ì [!wTj$w^s]¬¢lnu × pqT¬¡qTz_Mp¬¢u%$s]_7qT¤jnu¢©M_ k uª¤wt?qTt]¬¡h§uª¤ GG [wrj5w jns]¨]rzwT][q¤djmu¡©_ k′ = dk + 1  u¢ln[^5u¡t]u¡^s]^ k_rzn_M_
d ­ D_MpMwsjn_qT¤¬vwTpBqT¤1jnwrp*_ Ì  _|}sjmlOj}lxwln_dl[]_¤ÓqT¬¡¬¢q u¡t]`ln[]_MqTz_^ ­
  ßiã  ß  °É¸¿°Å
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GG ­ ~Ojdw)p*qrtjm_"$s]_tp_ _qT¨klxwu¡tUln[]_¤Óqr¬¢¬¡q u¡t]`pqTzqT¬¡¬¡wTznh 
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d ≥ 3 ­
 JIFK Y\R	i a aFZ:M,\a2R	[
~ 
!   5 ,
! 45q¤wTzxw[ G = (V, E) u¡jwwu¡z (T,X ) Ì  []_Mzn_ T = (I, F ) u¡jwlnz__ Ì wTt
X = {Xi}, i ∈ I
u¡j;w¤ñwT^`u¡¬¡hq¤1jms¨jm_ljqT¤
V (G) Ì pw¬¡¬¡_M 72 1,wtu¡tk_Òi_o¨ihln[]_t]qkk_ojq¤ T Ìjnspx[7ln[wl
ÕT­ _Mwrpx[r_znln_*Ò v ∈ V wT]!_owzxju¢tUwl¬¡_Mwrj}l;qrt]_¨w Ì u ­ _ ­ ⋃i∈I Xi = V E ­ ¤ÓqTz_owTpx[ v ∈ V l[]_$jm_l;q¤t]qkk_Mju¡tk_Òk_M7¨h {i | i ∈ I, v ∈ Xi} ¤Óqrzn^jw5jns]¨klnz__qT¤ T E
 ­Ë qrz_MwTpx[_M]T_ e = (x, y) ∈ E Ì l[]_z_uvjwt i ∈ I jmspx[7ln[!wl x, y ∈ Xi ­
Z[_>@  
& qT¤wlzn_M_ × k_MpqT^5Lqrjnuªlu¢qrt Ì k_Mt]ql_M¨ih w((T,X )) _$swT¬¡j maxi∈I{|Xi| − 1} ­ Z[]_
!  @  
'&q¤ G Ì k_t]qTln_o7¨ih tw(G) Ì uvjl[]_^5u¢t]u¡^s^. uviln[8q¤Hwlnz__ × k_op*qr^`Lqrjnu¢lnu¡qTtqT¤ G ­Z[]uvjk_*¥tuªlu¢qrtq¤klnz__ ×  uvil[$pwt¨L__MtT_Mt]_zxw¬¡u¢©M_Mlnq;lwBr_{u¡trlqOwTpMp*qrs]tlµln[]_å¬¢qkpwT¬T]zqTL_znlnu¡_MjqT¤
G
wtuvj»pMw¬¡¬¢_o	 2 
   @  
'& ­ Z»qk_*¥t_åu¢l»¤ÓqTz^w¬¡¬¢h _å¥zjml»t]_M_MlqOk_¥t]_ r × t]_u¡T[i¨LqTz[]qiqkqT¤ T_Mzmlu¡p_MjOq¤
G ­ Z[]_  ,





v ­HË qrz r ≥ 1 Ì w r  4 1&572&( q¤w T_znln_Ò v ∈ V uvjk_*¥t_Mwrj
NrG(v) = {u | dG(v, u) ≤ r} ­ Z[_  2*
!  @  
'&q¤µwrzwT][ G uvj{w¤Óstplu¢qrt ltwG : N → N [u¡px[ lnq_r_zhUu¢tln_MT_Mz
r ∈ N
wTjjmqkpu¡wln_MjOln[_`^wÒiu¡^s^Ðlnz__ ×  uviln[ q¤wt r × t]_Mu¢r[¨LqTz[]qiqkqT¤r_znlnuvp*_ojqT¤







!  @  
& Ì u¢¤{l[]_z_$_*Òkuvj}lxjw¤Ós]tplu¢qrt f : N → N jnspx[l[wl¤ÓqTz_Mwrpx[)Tzxw][
G ∈ G Ì wTt5¤Óqrz_owTpx[)u¡tln_r_z r ∈ N Ì  _[w T_ ltwG(r) ≤ f(r) ­{Ë qrzwTu#T_t¤Óstplu¢qrt
f : N → N Ì Gf uvjl[]_p¬¡wrjnjOq¤{w¬¡¬»rzwT][j G qT¤{¬¢qkpwT¬µlzn_M_ ×  u¡il[wld^`qj}l f Ì u ­ _ ­ jmspx[l[wl
ltwG(r) ≤ f(r)
¤ÓqTz_T_Mznh
r ∈ N ­ fk__ Ô   Ö wTt Ô¢Õ  Ö ¤Óqrz^`qrzn_k_lwu¡¬vj ­
 JI H LA\M/l/[ a2Tl	 X^:Z:N:R	N
 XJ_ MOi \RUR
  aFNQT l
Zq§qT¨]lwu¡tÉqTs]zz_Mjns]¬¢lj Ì  _Ut]_M_M%ln[_U¤ÓqT¬¡¬¢q u¡t]£¬¡_^5^w£ []u¡px[Crur_Mj`l[]_8lnu¡^5_¯p*qr^`¬¢_Òiu¢l}h?qT¤¥!tku¡t]w$jn^w¬¡¬¢_oj}lu¢t!ksp*_o)jns]¨]Tzxw[q¤»k_MTz__Owl¬¡_MwTjml
d
u¢t7Tzxw][j{ uªl[¨LqTs]t]_M5lzn_M_ ×  u¡il[ ­
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  ãµã   _l
(T,X )
¨L_)ln[_)Tu#T_Mt lzn_M_ × k_MpqT^5Lqrjnuªlu¢qrt ­® _jns]]Lqrjn_ln[wl T u¡jw8znqiqTln_M lzn_M_ ÌwTtln[wlln[]_$k_op*qr^`Lqrjnu¢lnu¡qTtu¡j 4* 2 Ì  []uvpx[8^5_Mwt!j 
I ~;tihtqi]_d[!wTjwl;^5qj}ll} q5px[u¢¬vkz_tME
 õRP1-S
Õ   J?4*	 ) 6
 ) ) 6 72&
I Ë qrz;wtih)t]qkk_ t  uªl[_Ò]wTpl¬¢h)l} qpx[]u¡¬¡]zn_Mt t1 wTt t2 Ì  _[w T_ Xt = Xt1 = Xt2 E
I Ë qrzwtih¦t]qkk_ t  u¢ln[_Ò]wTpl¬¢h qTt]_7px[]u¢¬v s  _)[!w T_ Xt ⊂ Xs wTt |Xs| = |Xt| + 1 Ì qTz
Xs ⊂ Xt
wt!
|Xt| = |Xs| + 1 ­&Oql_l[wlåjnspx[5wk_MpqT^5!qjmu¢lnu¡qTt5w¬¡ wWhij_*Òkuvj}lxjHwt`pwTt¨L_¤ÓqTst`u¢t`¬¢u¡t]_owz1lnu¡^5_ Ì wtu¢t`¤ñwrplH _pMwtjns]]Lqrjn_l[wl






k Ì qrzk_Mpu¡k_ojln[!wl G kqi_ojt]ql[w r_wtih)jms!px[8jns]¨]rzwT][ ­&Oq Éln[wll[]_Olzn_M_k_op*qr^`Lqrjnu¢lnu¡qTt)uvjznqiql_M Ì  _pwTtjn!_owB5q¤µl[]_jms]¨Tzxw][)k_¥t]_o)¨ih5ln[]_jns]¨klzn_M_Ozqiqln_owlt]qkk_














wz_l} qpx[]u¡¬¡]zn_Mt Ì ln[_t Yj1 wt! Yj2 wz_]u¡jñ|}qTu¡tl_*Ò]p_kl¤ÓqTz T_znlnuvp*_ojHu¡t
Xi Ì u ­ _ ­ Yj1 ∩Yj2 = Xi ­ ~ {0, 1, 2, 3, . . . , d} × p*qr¬¢qrznu¡t]qT¤)T_znlnuvp*_oju¡t
Xi
u¡jdw¤Ós]t!plnu¡qTt
ci : Xi → {0, 1, . . . , d − 1, d} ­  _*l supp(c) = {v ∈ Xi| c(v) 6= 0} ¨L_l[]_,6(
µq¤
c ­
Ë qTzOwTth7jmspx[ {0, 1, . . . , d} × p*qT¬¡qTzu¡t] c q¤T_Mzmlu¡p_Mju¡t Xi Ì ¬¢_l a(i, c) ¨L_ln[]_$^5u¡t]u¡^s]^ jmu¡©_qT¤wTtu¡tksp_M7jms]¨Tzxw][
H(i, c)
q¤
G[Yi] Ì  []uvpx[[wrjk_rzn_M_ c(v) ¤ÓqTz_r_zh v ∈ Xi  u¢ln[ c(v) 6= d ÌwTtk_MTz__wl¬¡_Mwrj}l
d
qrtu¢lj`ql[]_z T_znlnuvp*_oj ­ &;qTln_7ln[wl H(i, c) ∩ Xi = supp(c) ­  ¤Ojms!px[?wjns]¨]rzwT][7]q_ojt]ql;_Òku¡jml Ì  _$k_*¥!t]_ a(i, c) = +∞ ­
® _]_T_M¬¢qrz_Mp*szjnur_5¤ÓqTz^s]¬vwTj$¤ÓqTz a(i, c) ­  tln[]_¨wTjn_7pMwTjn_ Ì i u¡j5w¬¡_Mw¤;q¤l[]_lzn_M_7k_ ×pqT^5Lqrjnuªlu¢qrt ­  _Mtp*_ Yi = Xi ­® _ qrs]¬¡?¬¢uBT_7lnq Bit]q  ln[_8jnu¡©_q¤;l[]_8^`u¡t]u¡^s]^(u¢t]sp*_ojns]¨]rzwT][ u¢ln[Ñ]z_Mjp*zu¢¨L_M%k_rzn_M_Mj Ì ¨]skl5ln[]uvj5uvj_Ò]wTpl¬¢h |supp(c)| uª¤ G[supp(c)] jnwlnuvj}¥!_Mjln[]_]_Tz__p*qrtku¢lnu¡qTtj Ì wt!7uvj +∞ uª¤Hu¢lOkqi_Mjt]qTl ­ t8l[]_z_Mps]zjnu#T_pwrjm_ Ì t]qkk_ i [wTjOwlO¬¡_Mwrj}l;qrt]_px[]u¡¬¡ ­® _kuvjmlnu¡t]Ts]uvjn[pwTjn_Mj Ì k_M!_Mtku¡t])qrtl[]_$jnu¢©M_dqT¤»l[]_¨w5qT¤
i
wTt7uªlxjtis]^¨L_zqT¤1px[]u¡¬vkzn_Mt 
I ~Ojjms^`_5¥!zjmlln[wl i [wTjqrt]¬¡hqTt]_px[]u¡¬v Ì jwWh j Ì Xi ⊂ Xj Ì wt! jnq |Xj | = |Xi| + 1 wt
Xi = Xj \ {v}
¤Óqrzjmqr^`_ T_Mzml_*Ò
v ­ ~O¬¡jnq Ì Yi = Yj Ì jnu¢t!p*_ Xi ]q_oj`t]ql)wT?wtih§t]_M T_Mzmlu¡p_Mj ­ aqrtjnu¡k_MzwpqT¬¡qTzu¢t c : Xi → {0, 1, . . . , d} ­ aqrtjmuvk_Mzln[]_`l} q8pqT¬¡qTzu¢trj c0 :
Xj → {0, 1, . . . , d}
wt
c1 : Xj → {0, 1, . . . , d}
qT¤
Xj Ì k_¥t]_M¯wTjO¤ÓqT¬¡¬¢q ;j  c0 = c1 = cqTt
Xi Ì wTt c0(v) = 0 Ì c1(v) = d ­ Z[]_Mt _¬¢_l a(i, c) = min{a(j, c0), a(j, c1)} ­
I &;q wrjnjns]^5_ln[wl i [wrjdqTt]¬¡hUqTt]_5px[]u¡¬¡ Ì jnwWhUwTrwu¡t j Ì wt!l[wl |Xj | = |Xi| − 1 wt¦jmq
Xj ⊂ Xi
wt!
Xj = Xi \{v}
¤ÓqTzjmqr^`_1T_znln_Ò
v ­ ~;¬vjmq Ì Yj = Yi \{v} ­  _*l c ¨L_w$pqT¬¡qTzu¢t]q¤
Xi ­  l;uvj;p*¬¡_MwTzl[wll[]_qTt¬¢h)t_u¡T[i¨!qrs]zxjqT¤ v u¢t G[Yi] wz_w¬¡zn_owTkhu¡t Xi ­
 
 ¤
c(v) ≥ 1 Ì ¤ÓqTzwtihp*qr¬¢¬¡_Mp*lnu¡qTt A q¤ c(v) _M]T_Mju¡t G[Xi] p*qTtt]_Mp*lnu¡t] v lqr_znlnuvp*_Mj








a(i, c) = min
A
















I  tl[]_¬¡wrj}lpwrjm_ Ì  _pwtjms]!qjm_ln[!wl i [wTjl} qpx[]u¡¬vkzn_Mt j1 wt j2 Ì wt!7jnq Xi = Xj1 =











¤ÓqTz ! ­ Z[]_Mjn_k_rzn_M_jn_$s]_t!p*_Mjjn[]qTs]¬v$¨L_u¢t5jms!px[w; wWhdlnqdTswTzwTtln__åln[]_k_MTz__pqTt]uªlu¢qrtqTt
v
u¡^5!qjm_oU¨ihl[]_`pqT¬¡qTzu¢t
c ­  tqTln[]_MzO qTzx]j Ì u¢¤ c(v) ≤ d − 1 ln[]_Mt¯ _jn[]qTs]¬vU[w r_
dv1 + d
v
2 − dG[Xi] = c(v) Ì wTt%uª¤ c(v) = d Ì ln[]_Mt dv1 + dv2 − dG[Xi] ≥ d ­  r_zhjmspx[jm_"$s]_tp_
D = {dv1, d
v


















a(i, c) = min
D
{|H | | H = H1 ∪ H2}
¤ÓqTz`w¬¡¬k_MTz__)kuvjmlnzu¢¨]s]lnu¡qTtj`wTjw¨Lq T_ ­UË qTz_T_Mznh T_Mzml_*Ò  _[!w T_)wl`^5qrjml d2 !qjnjnu¡¨]¬¢_k_rzn_M_¯px[]qru¡p_Mj¤Óqrz
dv1
wt
dv2 ­® _¯[!w T_¯wT¬¡jnq |Xi| ≤ t + 1 ­ Z[]uvj)u¡^`¬¢u¡_Mjln[wl7l[]_^5u¢t]u¡^s^Ýuvjlw9BT_tq T_Mzwl^5qrjml
(t + 1)d
2 p*qr¬¢qrznu¡t]rj ­
~j»l[]_jmu¡©_q¤!qTs]zlnz__ × k_op*qr^`Lqrjnu¢lnu¡qTtuvj¬¡u¡t]_MwTzqrt n Ì  _pMwt]_*ln_Mzn^5u¡t]_w¬¡¬rl[]_ WwT¬¢s_Mj a(i, c)¤ÓqrzO_T_zh







c Ì w¬¡s]_Mju¡t¯l[]_)jn_*l {0, d} wTjjmu¡Ttu¢t]8wl¬¡_Mwrj}lqTt_tqTt × ©_Mznq+w¬¡s]_ ­ Z[]_lnu¡^5_k_M!_Mtk_t!p*_$qrt t ¤ÓqT¬¡¬¡q ;j¤Óznqr^ l[]_$jmu¡©_qT¤H¨wjwt7ln[_px[]qTuvp*_oj _^wrk_sjmu¡t]`ln[_$p*qT¬¡qTzu¡t]rj ­ 
  ßiã  ß   °É¸¿°Å
d



























pqTt]t_Mpl_M ­ fi_MpqTtk¬¡h Ì u¢¤ _0Btq Ãw r_znln_*Ò v qT¤ H l[]_t H uvjp*qTtlxwu¡t]_MUu¡t NrG[v]  [u¡px[¦[wTj]u¡wT^`_ln_Mzwl^`qj}l
2k ­ &;q Ñln[]_Mzn_O_*Òku¡jmlj{ln[]_dk_Mjnu¡zn_o H uª¤»wTt5qTt]¬¡h`uª¤,l[]_z_;_*Òkuvj}lxjåw v ∈ V jnspx[l[wl
H
uvj;p*qrtrlxwu¡t]_M7u¡t
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k_L_t]u¢t]qrt]¬¡hqrtT_tisj
g
qT¤,ln[]_Tzxw][ ­ &;q Cwrjåwt_owTjnh`pqTzqT¬¡¬¡wTznh$lnqZ[]_MqTz_^  _O[w r_ln[]_O¤ÓqT¬¡¬¢q u¡t] ­
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  a ZQXS\ j\RUR7PS\M<l:[
 t ln[u¡jjns]¨jn_Mp*lnu¡qTt¦ _5T_Mt]_zxw¬¡u¡©_$l[]_z_Mjns]¬ªlxjdq¤ål[]_5¬¡wrj}l$jns]¨jn_Mp*lnu¡qTt lnqln[]_p¬¡wrjnjdq¤
M × ^5u¡t]qTz¤Óz__rzwT][j ­ Zq5]z_Mjn_tlln[]_z_Mjns]¬¢lj Ì  _d¥zxj}lu¡tlnzqi]sp*_w¬¡¬,l[]_zn_"$rsu¢z_Mk_*¥!t]uªlu¢qrtj ­
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 G1 = (V1, E1) 4 G2 = (V2, E2) 7 
!@A? ,45
 1(& , !4
k ≥ 0
4 45
 1  
i = 1, 2 !


Wi ⊂ Vi !
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p*¬¡u#$s]_ × jns]^ +
'&(
h × jms]^ $# G1 4 G2 ! 94
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F (w) ∈ W2 !407- ?	 $ 4 1+
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® _z_^wz2Bl[wl ⊕ uvj;t]qTlO _¬¡¬k_¥t]_MMELku2¿_z_tlpx[]qru¡p_MjqT¤ G′i wt7l[]_¨]u |}_Mp*lnu¡qTt F p*qrs]¬vrur_ku2L_Mzn_Mtlp*¬¡u#$s]_ × jns]^j ­ ~jn_$s]_Mtp*_$qT¤ h × jns]^j Ì t]qldt]_Mp_MjjnwTznu¡¬¡hs]t]u%$s]_ Ì  []uvpx[z_Mjns]¬ªlu¢t¯wrzwT][
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1 ≤ i ≤ h
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1 ≤ i ≤ h !
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ui1 , . . . , uimi95?4
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Z[]_p¬¡wrjnjq¤Tzxw][!j
h × t_Mwz¬¡h`_M^¨L_M]w¨]¬¡_u¢t8w$¥Òi_o7jns]zn¤ñwTp_ Σ [wTj¬¡u¢t]_owz¬¡qipMw¬Llnz__ ×  uvil[w¤´ln_Mzzn_M^`q iu¡t]ln[]_$jn_*lq¤Hwu¡p_Mj ­ &Oq  l[]_zn_ojms¬ªlq¤Hqr¨!_MzmlxjmqrtwTtfk_hi^5qTs]zuvjwTj¤Óqr¬¢¬¡q ;j 
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&Oqln_l[wlOjnspx[8w5p*¬¡u#$s]_$k_op*qr^`Lqrjnu¢lnu¡qTt7pMwt8¨L_¤ÓqTs]t7u¡tLqT¬¡hit]qT^5uvw¬¿lu¢^5_ Ì jm_M_ ÔWÖ ­ _*l
G
¨!_`w
M × ^5u¡t]qTzO¤Ózn_M_rzwT][ Ì wTt (T,B = {Bt}) Ì wp*¬¡u%$rs_ × k_MpqT^5!qjmu¢lnu¡qTt8qT¤ G Tu#T_Mt¨ih¯Z[_qTz_^ P8wTt qT¨klxwu¡t]_M u¢t£LqT¬¡hit]qT^5uvw¬1lnu¡^5_sjnu¢t]l[]_zn_ojms¬ªlu¡t ÔWÖ ­ç ur_t ln[]uvjzqiqln_olzn_M_
T Ì  _k_¥t]_ At := Bt ∩ Bp(t)  []_z_ p(t) uvjln[_s]t]u%$rs_wz_tlq¤ln[]_ r_znln_Ò t u¡t T Ì wt
Ar = ∅ ­  _l B̂t ¨L_5ln[]_rzwT][ qr¨klwTu¢t_M ¤Óznqr^ Bt ¨ih wr]ku¡t]Uw¬¡¬H!qjnjnu¢¨¬¢__okT_oj¨!_l} _M_t¦ln[]_r_znlnuvp*_ojåqT¤
At
wTtwT¬¡jnq¨L_*l} __Mt)l[]_*T_znlnuvp*_ojåqT¤
As Ì ¤ÓqTz_MwTpx[px[]u¡¬¡ s q¤ t Ì ^wBiu¡t] At wt! As  jwrjp*¬¡u#$s]_oj ­  tln[u¡j wWh Ì G ¨!_op*qT^5_ojw h × p¬¢u%$s]_jms^.q¤ln[]_rzwT][j B̂t Ì wTpMp*qTzxku¡t]$lq5ln[]_wT¨!q r_lzn_M_
T
wtUpMwtUw¬vjmq¨L_,iu¡_ _MUwTjOw`lnz__ × k_op*qT^5Lqrjnuªlu¢qrt8Tu#T_t8¨ih (T,B = {Bt}) Ì  [_z_$_Mwrpx[
B̂t
uvj
h × t]_owz¬¢h5_M^¨L_M]]wT¨]¬¡_u¢t8w5jms]zn¤ñwTp_ Σ u¡t [u¡px[ M pwTt7tql¨!__M^¨L_M]]_M ­  _*l Xt ¨L_ln[]_jn_*lq¤µw]uvp*_oj{qT¤
B̂t ­ Z[]_t |Xt| ≤ h Ì wTt B̂t \Xt [wrj{¬¡u¢t_Mwz¬¢qkpMw¬klzn_M_ ×  u¡il[ ­ Dh Gt  _Ok_tqln_l[]_$jns]¨]Tzxw[u¡tksp_M¨ihw¬¡¬)T_Mzmlu¡p_Mjq¤
Bt ∪s Bs Ì s ¨L_u¡t])w5k_Mjp*_Mt]wtlq¤ t u¡t T ­~Orwu¡t§lq¦jnu¢^5]¬¡u¢¤Óh£ln[]_7]zn_ojm_Mtlwlu¢qrt Ì []_Mzn_7 _7Tu#T_l[]_7znqiq¤;qT¤OZ[]_qrzn_M^  ¤ÓqTzln[_pMwTjn_
d = 3 ­ _opw¬¡¬!ln[wl _Owz_O¬¡qiq9Biu¡t]¤ÓqTzwjns]¨jn_*lq¤ r_znlnuvp*_Mj S Ì qT¤»jmu¡©_dwl^`qj}l k Ì  []uvpx[)u¢t!ksp*_ojw`rzwT][
H = G[S]
qT¤^5u¡t]u¢^s]^Ý]_Tz__wl¬¡_Mwrj}ll[]zn_M_ ­bs]zw¬¡TqTzu¢ln[]^ pqTtjnu¡jmljqT¤l} q5¬¢_T_M¬µq¤Hkhitw^5uvpd]znqrTzxw^5^5u¢t ­ Z[]_lnqr8¬¢_T_¬,qT¤1]ht!w^5u¡pznqrTzxw^5^5u¢t]duvj{q T_Mz1ln[]_dp*¬¡u#$s]_;]_Mp*qr^5!qjmu¢lnu¡qTt)wTt` uªl[]u¢t_MwTpx[jns]¨]]zqT¨¬¢_M^5j{q¤¿ln[]uvjå]ht!w^5u¡p




At ­ Z[]_Mjn_dpqTtjmlnzxwu¡tljwTj¨!_¤ÓqTz_z_zn_ojm_Mtrlln[]_k_MTz__OqT¤_owTpx[ r_znln_*Ò5q¤
At
u¢tln[]_djms¨]Tzxw][
Ht := Gt[St] Ì ln[]_lnzxwTp_;q¤ H u¢t Gt Ì  []_Mzn_ St = S ∩V (Gt)wTt





]_Mjnu¢z_Mjmqr¬¢s]lnu¡qTt ­ Z[]_t]_Òill} q5¬¢_M^5^5wrjwz_sjm_o¬vwl_zlqqT¨klxwu¡tl[]u¡jOp*qT^¨]u¡twlqTzu¡wT¬L¨LqTst ­











Z[_$]zqqT¤1¤ÓqT¬¡¬¢q ;j;¤Óznqr^.l[]_]zqTL_znlnu¡_Mj;q¤Hlnz__ × ]_Mp*qr^5!qjmu¢lnu¡qTtUwt!ln[]_¤ñwTplln[wl At wTt As  jwTzn_p*¬¡u%$rs_Mju¡t
B̂t Ì []_Mzn_ s uvjpx[]u¡¬¡qT¤ t u¡t T ­
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  ãµã   _l
C1, . . . , Cr
¨!_7ln[]_p*qrt]t]_Mp*ln_o§p*qT^5LqTt]_Mtljq¤
B̂t[St ∩ Bt \ Xt] ­¯® _7]zq T_5l[wlu¢l$uvju¢^5Lqrjjmu¡¨]¬¡_`lnqU[w r_
r > 3h + 1 ­ fis]!qjm_5l[]_)p*qrt T_zxjn_ ­5Ë qTz_owTpx[ T_Mzml_*Ò v qT¤ Xt ∩ St Ì u¢ln[Ñk_rzn_M_
dv
u¡t






! ­  _*l A ¨L_ln[]_Os]t]u¡qTtq¤µwT¬¢¬l[]_ r_znlnuvp*_ojq¤Hl[]_Mjn_px[]qjm_MtUp*qTtt]_Mp*ln_M¯p*qT^5LqTt]_Mtlj ­;Ë qTz_Mwrpx[px[]u¢¬v s q¤ t  u¢ln[ As ∩ A 6= ∅ Ì _u¢t]¤Ó_zln[!wl
As \ Xt ⊂ A Ì jnu¡tp*_ As ¤Óqrzn^jwp*¬¡u%$rs_du¡t B̂t ­  _*l;sjlxwBT_dl[]_s]t]u¡qTtq¤Hw¬¡¬¿ln[]_ojm_r_znlnuvp*_oju¡t
Ss Ì (Xt ∪ A) ∩ St Ì wt S \ St ­  _l H ′ ¨!_l[]_u¡tksp_Mjms]¨Tzxw][qTt7ln[]_ojm_*r_znlnuvp*_Mju¡t
G ­å® _$p*¬vwu¡^ l[wl H ′ [wTj^5u¡t]u¡^s]^Ík_rzn_M_wl;¬¡_MwTjmlln[]z__ ­ Z[]uvj u¡¬¢¬Tu#T_w5p*qTtlzwrku¡p*lnu¡qTt ­ t!k__o Ì wrjnjns]^5u¡t] r > 3h + 1 Ì  _5[w r_ |H ′| < |H | Ì ¨!_opwTsjm_5l[]_z_)wz_)jnqT^5_9T_znlnuvp*_ojq¤ Ht
 õRP1-S
Õ   J?4*	 ) 6




H ′ ­ Z»q5]zq T_ln[]_$p¬¡wTu¢^ Ì¥!zjml$t]ql_ln[!wl$l[]_k_MTz__5q¤_Mwrpx[ T_znln_Ò
v
q¤








H ′t ­  ¤ dv < 3 Ì l[]_t v jm[qTs]¬v`¨!_;u¡t At ñuª¤,t]qTl Ì v [wTjåk_rzn_M_
dv < 3
u¡t
H Ì  []uvpx[¯uvju¢^5Lqrjjmu¡¨]¬¡_"! Ì wt¯[]_tp_ v u¡jp*qrt]t]_opln_olqwl¬¢_owTjml 3 − dv T_Mzmlu¡p_Mjdu¡t
S \ St ­ Dskl S \ St uvju¡tp*¬¡sk_o u¡t H ′ Ì wt¦jnq7_T_zh T_Mzml_*ÒqT¤ Xt ∩ H ′ [w T_`k_rzn_M_`wl¬¡_Mwrj}ll[]z__u¡t
H ′ ­ &;q  Ì  _]znq r_`ln[wl_r_zhql[]_z,r_znln_Ò¯q¤ H ′ [wTj$wT¬¡jnqUk_rzn_M_)wl$¬¡_Mwrj}ll[]zn_M_ ­Z[u¡jOu¡jlznu#iu¡wT¬¢¬¡h)lzns_¤ÓqTzl[]_,r_znlnuvp*_Mj;q¤
H \ Ht Ì ¨L_MpwTsjn_$q¤ At ∩ H ⊂ H ′ ­  T_Mhr_znln_*Òu¢t A[!wTjl[]_jw^5_k_MTz__u¡tU¨!qTln[
H ′
wt
H ­ Z[]_zn_owTjnqTt7¤ÓqTzl[]u¡jOu¡j;ln[wl A uvjl[]_s]tu¢qrtUq¤{jmqr^5_pqTt]t_Mpl_MpqT^5!qrt]_tlxj{wt5tq T_znln_ÒqT¤,w
A
u¡j{lnqpqTt]t_Mpl_M`lqwtihqTln[]_Mz T_Mzml_*Ò`u¢t)wTth`ql[]_z
pqT^5LqTt]_Mtrl ­ Z[]uvj]zq T_MjOln[!wl_r_zh r_znln_Òu¢t A [!wTjk_rzn_M_`wl¬¢_owTjml 3 u¢t H ′ ­ ZqpqTtp¬¢s!k_ Ì _5]zq T_ln[wlln[]_z_Mjmlq¤ln[]_ r_znlnuvp*_MjqT¤
H ′ Ì u ­ _ ­ l[]_ T_Mzmlu¡p_Mjdq¤ H ′ \ (A ∪ (H \ Ht)) Ì w¬vjnq[!w T_5k_rzn_M_5wl$¬¢_owTjmlln[]z__5u¡t
H ′ ­ ;_^5_^¨!_Mzln[wlw¬¡¬Hln[]_ojm_ r_znlnuvp*_ojdwTzn_5u¡t§jmqr^`_ Ss Ì ¤ÓqTz s Ìjnspx[5l[wl
As
[wTjwt]qrt_^5kl}h`u¢tln_Mzjn_Mp*lnu¡qTt u¢ln[
A ­1® _Op¬¡wTu¢^Øl[wlwT¬¢¬ln[]_ojm_1T_znlnuvp*_ojH[w r_ln[]_jw^5_]_Tz__u¡tU¨Lqln[
H
wt
H ′ ­ Zq)]zq T_l[]u¡j Ì t]ql_ln[wl H ′ ∩ As = H ∩ As ¤ÓqrzwT¬¢¬jmspx[ s ­ t!k__o Ì As \ Xt ⊂ A Ì wTt¯jnq As ⊂ A ∪ Xt ­  _l u ¨L_5jnspx[¯wT_Mzml_*Ò ­® _5pwTt jns]]Lqrjn_l[wl
u /∈ Xt ­  ¤ u ∈ As ln[]_Mtp*¬¡_MwTzn¬¡h u ∈ A Ì wtjnq _Owz_;kqTt_ ­  ¤ u ∈ Ss \A Ì ln[]_Mt_T_Mznht]_u¡T[i¨LqTzqT¤
u
uvju¡t
Hs ­ Dskl Hs ⊂ H ′ wtjmq5 _wz_]qTt]_ ­ 


















At ­ &;q   _k_ojnpznu¡¨!_l[]_$ku2L_Mzn_Mtljmln_MjqT¤qTsz;w¬¡TqTzu¢ln[]^ ­_op*s]zxjnur_¬¡h Ì j}lxwznlnu¡t])¤ÓzqT^Íl[]_5¬¢_ow T_oj;q¤ T lnq7ln[_zqiql Ì ¤Óqrzd_owTpx[tqi]_ t ∈ V (T ) wTt  ã ß Lß  à  ã 8 ã    
c
ã
At Ì  _dp*qT^5]s]ln_ a(t, c) ¨wTjn_M5qrt)l[]_1w¬¡s]_ojåqT¤ a(s, c)  [_z_ s uvjwpx[]u¢¬vqT¤
t
qrzj}lqTz_
a(t, c) = +∞




Óu ! ® _`Ts_Mjjwjms¨jm_l Rt ⊆ Xt \ At jmspx[ln[wl Rt ⊆ St ­® _[w r_wl^5qrjml 2h px[qTuvp*_Mj;¤ÓqTz
Rt ­ñu¢u ! Ë qrzH_MwTpx[+T_Mzml_*Ò v u¡t Rt Ì  _Ts]_ojnj1 [_*ln[_z v uvjHwTW|mwrp*_Mtrl1lqw r_znln_*Ò$qT¤ Bt\(Rt∪At) Ì u ­ _ ­ _ln_oj}lw¬¡¬ln[]_l} qp*qr¬¢qrznu¡t]rj







Bt \ (Rt ∪At) ­ Z[]_tis]^¨L_zqT¤jnspx[7pqT¬¡qTzu¢trju¡jwl^5qj}l 2h ­{Ë qrzw¥]Òk_op*qr¬¢qrznu¡t]
γ Ì  _rs]_MjjqTt]_ T_znln_Òu¡t Bt \ (Rt ∪ At)  []uvpx[ _jns]]]Lqrjn_$lq¨L_u¡t St Ì ¤ÓqTz_Mwrpx[Uq¤1ln[]_ T_Mzml_*Ò
v
u¡t
Rt Ì jms!px[7l[wl γ(v) = 1 ­;Ë qTz;_owTpx[p*qr¬¢qrznu¡t] γ Ì  _$[w T_$wlO^5qrjml
nh
px[]qru¡p_Mj¤ÓqrzHln[]_t_  T_Mzmlu¡p_Mj1 []uvpx[p*qTs¬¡`¨L_;u¢t!p*¬¡sk_M5u¡t
St ­  ¤,w*r_znln_Ò[wTj γ(v) = 0 Ìuªluvjt]qlw¬¡¬¢q _Mlnq`¨!_wTW|mwrp*_Mtrllnq5wtih9T_Mzml_*Òq¤
Bt
¨L_Mjnuvk_Ol[]_*T_Mzmlu¡p_Mju¢t
At ∪Rt ­  _*l
Dγt
¨L_ln[]_ojm_t]_M ¬¢hpx[]qrjn_tT_Mzmlu¡p_Mjwll[]u¡j;¬¢_T_¬ ­
Óu¡u¢u ! &;q   _)zn_M^5q T_)w¬¡¬{l[]_ r_znlnuvp*_ojq¤
Xt
¤Óznqr^
















Bt \ Xt ­ fiu¡tp_$ _t__M7lq)px[]qiqrjn_wl;^5qrjml 3h + 1 T_Mzmlu¡p_Mjln[u¡jO wWh Ì  _[w T_wl^5qj}l
(3h + 1)n3h+1
t]_M  px[]qru¡p_Mj ­  _*ll[]_Mjn_t]_ ¬¡hpx[]qjm_Mtr_znlnuvp*_oj¨L_ F γt wt!













B̂t \Xt ­ ~j B̂t \Xt [wTj¨!qrs]tk_o¬¡qkpwT¬rlzn_M_ ×  u¡kln[ Ì l[]u¡j1u¡^5]¬¡u¢_ojln[wl G∗t [wrjlnz__ ×  uviln[¨!qrs]tk_o¨ih$wO¤Ós]tplu¢qrtqT¤
k ­ Dhl[]_zn_ojms]¬¢l1q¤ æ _^wu¡t]_wt!  w|}u¡wTT[wWhiu Ô P Ö Ì l[]u¡j¤Ós]t!plnu¡qTt`u¡tl[]_zn_u¡qTs!jjmlwln_^5_MtrlpwTt7¨L_$px[]qrjn_t7lnq¨L_¬¢u¡t]_owz ­
 !  t¦ln[]uvjj}l_£ _¥!zjml¥t£w7lnz__ × k_op*qT^5Lqrjnuªlu¢qrt (Tγ , {Up}) q¤ G∗t ­ &Oq  jnu¢t!p*_ As ∩ G∗tu¡jwp*¬¡u%$rs_u¢l$w]L_MwTzju¢t¦w¨!wq¤{l[]u¡jdlzn_M_ × k_MpqT^5Lqrjnuªlu¢qrt ­  _ll[]_5t]qkk_5zn_M]zn_ojm_Mtlnu¡t]ln[]uvj¨wTu¡tl[]uvjlnz__d¨!_
p ­ &Oq   _^wBr_dw`t]_M  ¨wT`pqTtlwTu¢t]u¡t]ln[]_*r_znlnuvp*_Mjq¤ As ∩G∗twt7^wBr_du¢l;w`¬¢_ow¤qT¤l[]_dlnz__
Tγ
¨ihwTku¢t5w`t]qkk_wTt7pqTt]t_Mplu¢tl[]uvjt]qkk_lnq
p ­ Dhw¨]s!jm_qT¤t]qTlwlnu¡qTt Ì ¨ih s  _]_t]qTln_ln[u¡jku¡jmlnu¡t]rs]u¡jn[]_o7¬¡_Mw¤1pqTtlwTu¢tu¢t]`l[]_¨w As ∩ G∗t ­® _dw¬vjmq$wr]w¬¡¬]l[]_5r_znlnuvp*_Mj{q¤ At lnqw¬¡¬]ln[_O¨wTrjHqT¤Ll[]uvj{lzn_M_ × k_MpqT^5!qjmu¢lnu¡qTt` []uvpx[qTt]¬¡hu¢t!p*z_MwTjn_MjHln[]_d¨w$jnu¡©_O¨ih5wl^`qj}l
h ­ &;q É _wT]]¬¡h`w$]ht!w^5u¡pO]zqTTzxw^5^5u¡t]w¬¡TqTzu¢ln[]^jmu¡^5u¢¬vwz;lnq5ln[_qTt]_ _sjn_M7¤ÓqTzl[]_$¨LqTs]t]_M¬¢qkpMw¬,lzn_M_ ×  u¡il[UpwTjn_ ­ ;_^5_^¨!_Mzln[wl¤ÓqTz_Mwrpx[7px[]u¡¬¡
s
q¤
t Ì  _d[w T_w¬¢_ow¤»u¡tl[]uvjk_MpqT^5!qjmu¢lnu¡qTt7 uªl[l[]_¨w As ∩G∗s ­ Z[]_wu¡^u¡jlq`¥t8wt7u¢t]sp*_ojns]¨]rzwT][ [u¡px[zn_ojmL_Mp*ljw¬¡¬¿ln[_px[qTuvp*_Mj _^5wrk_wl_MwTzn¬¡u¡_zj}l_j
w¨Lq T_ Ì wt7 []uvpx[7[wrjln[]_^5u¡t]u¡^s]^Íjmu¡©_ ­
® _jmlwznl¤Óznqr^ l[]_d¬¢_ow T_Mjåq¤µl[]uvj]_Mp*qr^5!qjmu¢lnu¡qTt Tγ wt!)Tqlnquªlxjzqiql ­ ~lln[]uvj!qru¢tl _[w T_$wT¬¢¬»ln[]_ WwT¬¢s_Mj¤Óqrz
a(s, c′) Ì ¤ÓqTzdw¬¡¬µLqrjjmu¡¨]¬¡_p*qr¬¢qrznu¡t]rj c′ q¤ As Ì  []_Mzn_ s uvjOwpx[]u¡¬¡8qT¤
t
Ó¨L_MpMwsjn_$q¤H¥!zjmlO¬¡_T_M¬»qT¤åkhitw^5uvp]zqTTzxw^5^5u¡t] ! ­ &Oq  lnqpqT^5]skl_ a(t, c) Ì  _wT]]¬¡hln[]_khitw^5uvp5]zqTTzxw^5^5u¡t]Uw¬¡TqTzu¢ln[]^ q¤  _M^`^w Õ  u¢ln[£l[]_)z_Mjmlnzu¡p*lnu¡qTt¦ln[!wl$¤Óqrz_Mwrpx[ ,
!4 196  ,<&5¬¢_ow¤
s






! ­ &Oqln_;ln[wlåln[_OqTt¬¢h5ku2L_Mzn_Mtp*_;¨L_*l} __Mt5ln[]uvjkhitw^5uvp]zqTTzxw^5^5u¡t]wt7l[]_qTt]_qT¤»ln[_  _^5^w Õ u¡jl[]_ wWh _u¡t]u¢lnuvw¬¡u¢©M_l[]_¬¡_Mw T_ojq¤ln[]_lzn_M_ ­
 u !_*ls]zt)ln[_O^5u¢tu¢^s]^ jmu¡©_q¤»wjms]¨Tzxw][ u¢ln[l[]_k_rzn_M_Op*qrtj}lzwTu¢tl
c
qTt
At Ì wT^`qrt]wT¬¢¬ln[]_$jns]¨]rzwT][j _¤ÓqTs]tln[u¡j wWh ­  _*l a(t, c) ¨!_l[]u¡j^5u¡t]u¡^s]^ ­
 iu¢u !  ¤å¤ÓqrzdjnqT^5_+T_znln_Ò
t
wt w7pqT¬¡qTs]zu¡t]
c : At → {0, 3} Ì  _[!w T_ 1 ≤ a(t, c) ≤ k Ì z_*ls]ztQ5Ç!Î ­  ¤1t]ql Ì  _pqTtp¬¢s!k_dln[wlOjmspx[8w5jms¨]Tzxw][8kqi_Mjtql;_*Òkuvj}l ­
Z[u¡jp*qr^`¬¢_ln_Mj{ln[]_k_ojnpznu¡klnu¡qTtqT¤,ln[]_dw¬¡Tqrznu¢ln[]^ ­ &;q É _kuvjnpsjj{l[]_;lu¢^5_pqT^5]¬¡_*Òku¢l}h`qT¤,ln[]_wT¬¢rqTzuªl[]^ ­  _*l CM ¨!_l[]_OpqTtjmlwTtrlå]_L_tku¡t]$qrt]¬¡hqrt`¬¡u¡t]_MwTz{¬¢qkpMw¬]lzn_M_ ×  u¡kln[5q¤¿ln[_Ojmszm¤ñwrp*_Mju¡t) []uvpx[
M
pwTtt]ql¨!__^¨!_o]k_M ­{Ë qTz_Mwrpx[5¥]Òk_Mp*qr¬¢qrznu¡t] c Ì  _;t]__o 4CM k(CM k +1)9n4h+1lu¢^5_lq`qr¨klwTu¢t
a(t, c)
 []_z_
t ∈ T ­ &;q  Ì jnu¢tp_dln[]_tis]^¨!_Mzq¤Hp*qT¬¡qTzu¡t]qT¤_owTpx[ At u¡jwl^`qj}l
4h Ì wTtjmu¡©_qT¤»ln[_$p*¬¡u#$s]_ × k_op*qr^`Lqrjnu¢lnu¡qTtu¡j O(n) Ì  _T_*ll[]_¤ÓqT¬¡¬¢q u¡t]`ln[_qTz_^ 
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